Mixed-hybrid finite elements for the simulation of thermal oxidation in semiconductors  by Causin, Paola & Sacco, Riccardo
Journal of Computational and Applied Mathematics 168 (2004) 95–105
www.elsevier.com/locate/cam
Mixed-hybrid (nite elements for the simulation of thermal
oxidation in semiconductors
Paola Causina, Riccardo Saccob;∗
aINRIA Rocquencourt, Domaine de Voluceau, Rocquencourt B.P. 105, 78153 Le Chesnay Cedex, France
bMOX—Modeling and Scienti+c Computing, Dipartimento di Matematica “F.Brioschi”, Politecnico di Milano,
via Bonardi 9, 20133 Milano, Italy
Received 24 September 2002; received in revised form 8 July 2003
Abstract
In this paper, we present and analyze a dual-mixed hybrid formulation capable of treating in a uni(ed
framework both compressible and incompressible problems in continuum mechanics. The potentialities of this
approach are exploited in the computation of the stress (eld required in the simulation of the thermal oxidation
process in semiconductor device technology.
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1. Introduction and motivation
In this paper, we propose a dual mixed-hybrid (DMH) (nite-element formulation capable of deal-
ing with compressible and incompressible problems in continuum mechanics. The motivation under-
lying this research is to devise a :exible and reliable procedure for the simulation of physical systems
with heterogeneous :uid mechanical properties (for example, compressible and incompressible ma-
terials) using a uni(ed numerical formulation. This avoids, in particular, the escape of introducing
the quasi-incompressible approximation for handling the incompressible regime or the di;culty of
adopting (and maintaining) two separate computer codes. An example of the aforementioned situa-
tion occurs in the simulation of the thermal oxidation process in semiconductor device technology.
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In this industrial relevant application, the DMH formulation reveals to be an appropriate method to
deal with the simultaneous presence of both compressible (silicon and silicon nitride) and incom-
pressible (oxide) materials, providing at the same time an accurate approximation of the stress (eld
which has a primary eAect on the process evolution.
The DMH approach relies upon the conservative form of the basic continuum mechanics equa-
tions. Two sets of Lagrangian multipliers with diAerent nature are introduced: the (rst multiplier is a
pressure function that in the incompressible limit represents the hydrostatic pressure and allows for
dealing with the constraint of null volume variations. The second multiplier is instead a rotational
parameter that weakly enforces the symmetry of the stress tensor [1]. Since in a dual method the
stress is regarded as an independent variable, this technique relieves from working with a discrete
symmetric tensor function space. The resulting formulation can be conveniently hybridized to im-
prove the computational e;ciency, yielding a linear algebraic system in the interface displacements,
pressure and rotations unknowns. The resulting method can be regarded as a version of the plane
elasticity element with reduced symmetry formulation (PEERS) [1] with the introduction of the
pressure parameter multiplier.
The paper is organized as follows: in Section 2, we present the DMH formulation assessing the
main stability and convergence results; in Section 3, we address the mathematical model for the
thermal oxidation process and its discretization; in Section 4, we present numerical results of a
realistic thermal oxidation process simulation.
2. DMH formulation of the uid mechanical problem
2.1. Functional setting
Let  ⊂ R2 be a bounded open set with boundary 9 and let Th be a regular partition [4] of
 into triangles K such that  =
⋃
K∈Th K , and Eh be the set of edges associated with Th. For
each element K ∈Th, we denote by 9K the Lipschitz continuous boundary of K , by nK the unit
outward normal vector along the boundary 9K and, for each K; K ′ ∈Th sharing an edge we set
eK−K ′ = 9K ∩ 9K ′.
Following [5], we let p and its conjugate q be real numbers such that 43 ¡p¡ 2 (i.e., 2¡q¡ 4)
and for every K ∈Th we de(ne the following spaces:
Wm;p(K) = {v∈Lp(K) |Dv∈Lp(K)∀; ||6m}; m¿ 0;
Wq(div;K) = {q∈ (Lq(K))2 | div q∈Lq(K)}:
We can give a characterization of the space Wq(div;) as the space of the functions q∈∏
K∈Th Wq(div;K) such that for all v∈W
1;p
0 () we have
∑
K∈Th〈q · n; v〉9K =0, where W
1;p
0 ()=
{v∈W 1;p()| v|9=0} and 〈·; ·〉9K denotes the duality pairing between W−1=q;q(9K) and W 1=q;p(9K).
We have indeed that the normal traces of functions qK ∈Wq(div;K) belong to the space W−1=q;q(9K),
while the traces of functions vK ∈W 1;p(K) belong to the space W 1=q;p(9K). This characterization
extends to the space Wq(div;) the characterization of the space H (div;)= {q∈ (L2())2 | div q∈
L2()} given in [2, Chapter 3, Proposition 1.2]. Notice that functions belonging to W 1=p;p(9K) need
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not to be continuous at the vertices of 9K (unlike what happens with functions belonging to
W 1=2;1=2(9K) ≡ H 1=2(9K)). This is the main reason for introducing the above functional setting,
which allows for adopting discontinuous piecewise (nite element for the approximation of quantities
on Eh.
2.2. Formulation of the continuum mechanics problem
Let us consider the linear elasticity problem written in mixed form: (nd (; u) such that
div  =−f in ;
 = 2(u) +  tr (u) in ;
u= 0 on  ≡ 9;
(1)
where (u) = 12 (grad u + (grad u)
T) and ;  are the LamJe coe;cients of the material. Homo-
geneous Dirichlet boundary conditions are assumed here only for the ease of presentation, gen-
eral mixed boundary conditions have been considered in the numerical experiments presented in
Section 4.
The DMH formulation is based on the introduction of two Lagrangian multipliers. The (rst mul-
tiplier is a pressure parameter de(ned as p=−1=nd tr , nd being the number of space dimensions.
Using this de(nition in (1)2, we obtain
div  =−f in ;
 = 2(u)− 
(+ )
p in ;
p=− 12 tr  in ;
u= 0 on :
(2)
It is easy to verify that for  → +∞ system (2) can be also interpreted as the conservative form
of the Stokes equations in :uid dynamics.
Based on the decomposition =grad(u)−(u), we can furtherly introduce the rotational parameter
∈R, such that = ,  being the (2× 2) skew-symmetric matrix with 21 =−12 = 1. Using this
de(nition in (2)2, we obtain
div  =−f in ;
 = 2(grad(u)− )− 
(+ )
p in ;
p=− 12 tr  in ;
u= 0 on :
(3)
System (3) will be starting point for introducing the DMH formulation addressed in the next
sections.
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2.3. Formulation of the continuum mechanics pb. with Lagrangian multipliers
We de(ne the following function spaces:
=
∏
K∈Th
(Wq(div;K))2; V = (Lq())2; M=
∏
K∈Th
(W 1=q;p(9K))2;
= {∈M; K = K ′ on eK−K ′ ; ∀K; K ′ ∈Th; K = 0 on 9K ∩ ; ∀K ∈Th};
W = L2(); Q = Lq() ∩ L20(); M = V × ×W × Q;
where L20() is the subspace of L
2() of functions with zero mean over . Next, we introduce the
following continuous bilinear forms a(:; :); b(:; :) and c(:; :) de(ned, respectively, on  × ;  × M
and M ×M :
a(˜; %˜) =
1
2
∫

 : % dx; b(v˜; %˜) = b1(v˜; %˜) + b2(v˜; %˜);
b1(v˜; %˜) =
∫

' as % dx +
∑
K∈Th
∫
K
v · div % dx −
∑
K∈Th
∫
9K
 · (% n) ds;
b2(v˜; %˜) =
∫

)
2
q tr % dx;
c(u˜; v˜) =
∫

)pq dx; (4)
with %˜ ≡ %∈; v˜=(v; ; '; q)∈M ,  : %=∑2i; j=1 ij%ij, as %= %21− %12 and where )= =((+))
(in the incompressible case, we have )∞ = 1=).
The DMH formulation of problem (1) reads
(nd (˜ ≡ ; u˜= (u; ; ; p))∈ (×M) such that
a(˜; %˜) + b(u˜; %˜) = 0 ∀ %˜∈;
b(˜; v˜) + c(u˜; v˜) =F(v˜) ∀ v˜∈M; (5)
where F(v˜) =
∫
 f · v dx and f∈ (Lp())2.
The hybrid variable  is the Lagrangian multiplier that enforces back the continuity of the normal
component of the stress tensor across the interelement interfaces.
Notice that taking %11 = 1 and zero for the other components and then %22 = 1 and zero for the
other components in (5)1 and v˜= (0; 0; 0; 1) in (5)2 yields a system of three equations in the three
unknowns
∫
 11 dx,
∫
 22 dx and
∫
 p dx. This system has full rank in the case ¡+∞, while it
has rank 2 in the case =+∞. In this latter case, the system can be solved by imposing a priori the
additional condition (side condition) p∈L20(). In the compressible case the side condition is not
required, but one can however check that also in this case we have p∈L20() by setting %=  and
observing that p=− 12 tr a.e. in . Thus, the variable p is sought in the space Q for every value
of the compressibility parameter  even when it is redundant. This choice plays an important role
in the theoretical analysis of the method. Moreover, we remark that at the discrete level the present
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form of the side condition turns out to be easier to deal with than the corresponding condition on
the trace of the stress tensor  [1].
It is not hard to see that if u ∗ and ∗ are the solutions of problem (1) such that ∗ ∈ (Wq(div;))2
and such that tr ∗ ∈Q, then (˜=∗; u˜=(u ∗; u∗9K ; 12 curl u ∗; p=− 12 tr ∗)), is a solution of (5), where
∀,∈ (H 1())2; curl,= ((9,2=9x1)− 9,1=9x2).
To assess the uniqueness of the solution of problem (5), we set f = 0, take %˜= ˜ in (5)1, v˜= u˜
in (5)2 and subtract (5)2 from (5)1, yielding a(; )− c(p;p) = 0. Since p=− 12 tr  a.e. in , we
may rewrite the previous relation as a˜(; ) = 0, where
a˜(%; %) =
1
2
‖%D‖20; +
1
4(+ )
‖tr %‖20; ∀%∈;
having de(ned for every %∈ the deviatoric part of % as %D = %− 12 tr %. In the compressible regime
(¡ +∞), we immediately conclude that  = 0 and consequently p = 0. In the incompressible
regime ( = +∞), the equation a˜(; ) = 0 provides a control only for the deviatoric part of .
To ensure control on the complete tensor, we use the fact that, since div  = 0 in  (f = 0) and
tr ∈L20(), there exists a positive constant C such that
‖‖0;6C‖D‖0;
(see [2, Proposition 3.1, p.161]). This allows us to conclude that  = 0 also in the incompressible
case. From this latter result, it follows immediately that p= 0 as well.
In order to show that also u=0; =0 and =0, we must check the inf–sup condition for b1(u˜; %˜).
For this we use the following proposition (see [3]).
Proposition 1. There exists a positive constant C such that
sup
%˜∈; %˜=0
b1(%˜; v˜)
‖%˜‖0; ¿C(‖v‖0; + ‖'‖0;) ∀v˜= (v; ; '; 0)∈M:
We are now in a position to state the result.
Theorem 2. Suppose that the solution (u; ) of problem (1) has the regularity
∈ (Wq(div;))2; tr ∈Q:
Then (˜ = ; u˜= (u; u 9K ; 12 curl u; p=− 12 tr )) is the unique solution of (5).
2.4. Discretization of the DMH formulation
This section concerns with the approximation of problem (5). For k¿ 0, we denote by Pk(K) the
space of polynomials in two variables of total degree at most k on the element K and by Rk(9K) the
space of polynomials of total degree at most k on each edge of K . Notice that functions belonging
to Rk(9K) need not be continuous at the vertices of 9K . Furthermore, we denote by RT0(K) the
lowest order Raviart–Thomas (nite-element space [2] on K and we set BK = curl(bK), where bK is
the cubic bubble function on K . The (nite element spaces for the DMH approximation are de(ned
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on each K ∈Th as follows:
h = {%∈ | %K ∈ (RT0(K)⊕BK)2}; Vh = {v∈V | vK ∈ (P0(K))2};
Wh = {'∈C0( M) | ' K ∈P1(K)}; Qh = {q∈Q | qK ∈P0(K)};
h = {∈ | 9K ∈ (R0(9K))2}:
Then problem (5) is discretized by the following one:
(nd (˜h ≡ h; u˜ h = (uh; h; h; ph))∈ (h ×Mh), such that
a(˜h; %˜h) + b(u˜ h; %˜h) = 0 ∀ %˜h ∈h;
b(˜h; v˜h) + c(u˜ h; v˜h) =F(v˜h) ∀ v˜h ∈Mh:
(6)
The proof of the uniqueness of the solution of problem (6) follows the same lines as in the continuous
case. We (rst have to check that
a(h; h)− c(ph; ph) = 0 implies h = 0; ph = 0: (7)
To do this, we take in Eq. (6)2 v˜h = (0; 0; 0; 1K), with 1K = 1 on K and 0 elsewhere, thus obtaining
pKh =−1=(2|K |)
∫
K tr h dx. Substituting back in (7) we get∑
K∈Th
(∫
K
1
2
h : h dx − )4|K |
(∫
K
tr h dx
)2)
= 0: (8)
Observing that
(∫
K tr h dx
)26 |K | ∫K(tr h)2 dx, Eq. (8) may be rewritten as a˜(h; h)6 0. Using
the same arguments as in the continuous case, we get h=0 and ph=0, irrespectively of the value
of the compressibility parameter .
In order to show that also uh=0; h=0 and h=0, we use the following discrete inf–sup condition
(see [3]).
Proposition 3. There exists a positive constant C such that
sup
%˜h∈h; %˜h =0
b1(%˜h; v˜h)
‖%˜h‖0; ¿C(‖vh‖0; + ‖'h‖0;) ∀ v˜= (vh; h; 'h; 0)∈Mh:
We can now state the result.
Theorem 4. There exists a unique element (˜h; u˜ h)∈ (h ×Mh) satisfying (6).
2.5. Error estimates
We can establish the following optimal error estimates for the DMH approximation. Let P0h be the
projection operator from (L2())2 onto Vh and )0h be the projection operator from
∏
K∈Th(L
2(9K))2
onto h.
Theorem 5. Let (˜; u˜) be the solution of problem (5) and (˜h; u˜ h) be the solution of problem (6).
If ∈ (H 1())4; div ∈ (H 1())2; p∈ (H 1()×L20()), then there exists a constant C independent
P. Causin, R. Sacco / Journal of Computational and Applied Mathematics 168 (2004) 95–105 101
of h such that
‖ − h‖0; + ‖p− ph‖0;6Ch(||1; + |p|1; + ||1;);
‖u− uh‖0;6Ch(||1; + |p|1; + |u|1; + ||1;);
‖− h‖0;6Ch(||1; + |p|1; + ||1;);
‖)0h− h‖(W 1=q; p(9K))26Ch2=p(||1; + |p|1; + |div |1; + ||1;) ∀K ∈Th;
‖P0hu− uh‖0;6Ch2(||1; + |p|1; + |div |1; + ||1;):
For a detailed proof of these results see ref. [3]. We notice that the estimate for the quantity
‖)0h− h‖(W 1=q; p(9K))2 is a kind of superconvergence result since p¡ 2.
3. Modeling of the thermal oxidation process
The oxidation process is a complex phenomenon where a layer of oxide (SiO2), that is usually
employed as an electric insulator, is thermally grown on a silicon wafer (Si). The surface of the Si
is masked by a silicon-nitride (Si3N4) pattern impermeable to the oxidant penetration and is exposed
to oxygen or water vapor at high temperature. The oxygen diAuses through the oxide and reacts
with the silicon at the Si–SiO2 interface. Since, the SiO2 has a molar volume 2.2 times greater
than the Si, at each time of the process a volume fraction of the new grown oxide replaces the
silicon that has been consumed, while the remaining volume fraction pushes the old oxide upward.
This constrained volume expansion gives rise to large stresses and, in particular, causes the SiO2
to undergo a compression state and the Si to undergo a tension state. Experimental evidence [6]
shows that these stresses can signi(cantly aAect both the O2 diAusion in the pre-existing SiO2 layer
and also the chemical reaction kinetics between the O2 and the Si. The combination of these eAects
determines the (nal shape of the Si–SiO2 system, that in turn can considerably aAect the overall
electric performance of the semiconductor device and its reliability. A schematic representation of
the thermal oxidation process is shown in Fig. 1 in the case of a local oxidation structure (LOCOS).
The mathematical model of the process considers a sequence of quasi-stationary steps each in-
volving the solution of two groups of PDEs systems over a domain whose shape changes with time.
Fig. 1. Schematics of the thermal oxidation process: 3D model (left), 2D reduction (center) at the beginning of the
oxidation and 2D model (right) after process completion.
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In particular, it consists of:
(i) solving an elliptic reaction–diAusion equation for the oxidant concentration in the SiO2 region;
(ii) determining the velocity and the position of the new Si–SiO2 interface;
(iii) solving a :uid–structure interaction problem for the oxide and the silicon/nitride subsystems
driven by the interface velocity and displacement, respectively.
3.1. DiDusion–reaction problem
The process of oxidant diAusion in the SiO2 domain is described by an elliptic boundary value
problem driven by the O2 ambient concentration and by the chemical reaction between the O2 and
the Si species taking place at the SiO2–Si interface. The diAusion–reaction problem reads: (nd the
oxidant concentration C in the oxide domain  such that
−div (D∇C) = 0 in 
C = C∗ on D;
D
9C
9n + ksC = 0 on R ;
D
9C
9n = 0 on N;
(9)
where on the domain boundary =D ∪N ∪R with outward unit normal vector n, we prescribe
the ambient O2 concentration C∗ (on D), we include the eAects of the chemical reaction (on the
Si–SiO2 interface R), D being the diAusion coe;cient and ks being the reaction coe;cient, and
we prescribe no-:ux boundary conditions (on N) in correspondence of the metal stripe and of the
vertical symmetry axis. The diAusion and reaction coe;cients are de(ned as the following nonlinear
functions of the stress (eld [6]:
D = D0 exp
(
pVd
KBT
)
; ks = ks0 exp
(
nnVr
KBT
)
; (10)
where nn := ( n) · n, p is the hydrostatic pressure, KB is the Boltzmann constant, T is the process
temperature, D0 and ks0 are the stress-free diAusion and reaction coe;cients and Vd and Vr are
suitable activation volumes. A schematic representation of problem (9) with its boundary conditions
is shown in Fig. 2. Due to symmetry with respect to the central vertical axis, only one-half of the
domain of Fig. 1 is considered.
To express the velocity of propagation of the interface between the silicon and the oxide due to
the chemical reaction, we introduce the variable pox=D∇C representing the oxidant :ux. This latter
quantity and the interface normal velocity are related by the following Rankine–Hugoniot condition:
Vn =
<pox · n=
<C= on R ; (11)
where the symbol < · = indicates the jump of the quantity across the interface R and Vn is the normal
velocity of the interface.
The diAusion–reaction problem has been numerically solved using a (nite element primal-
hybrid formulation implemented as a nonconforming generalized displacement method (see [2,
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Fig. 2. Computational domain and boundary conditions for the diAusion–reaction problem.
Section IV.1.3]). The resulting approximation is more :exible than the one obtained using stan-
dard piecewise linear continuous (nite elements, at the expense of a slightly greater computational
eAort. Moreover, the diAusive :uxes computed with this approach are self-equilibrated and satisfy
interelement traction reciprocity.
3.2. Fluid mechanical problem
Several possibilities exist for the mechanical modeling of the materials involved in oxidation pro-
cess; in particular, diAerent continuum-mechanics models need to be adopted to describe faithfully
the mechanical behavior of each material (oxide, silicon and nitride). In accordance with the ex-
perimental results of [6] and the references cited therein, the Si3N4 stripe and the Si bulk can be
modeled—in a (rst basic implementation—as linear elastic materials (with anisotropic elastic prop-
erties in the case of Si), while it is apparent that a non-Newtonian model is needed for the SiO2.
Precisely, the SiO2 material can be represented by an incompressible :uid with nonlinear viscosity
of Eyring type
() = 0
%max=c
sinh(%max=c)
; %max =
√
(11 − 22)2=4 + 212; (12)
where 0 is the stress-free constant viscosity and c = 2KBT=Vc, is a critical stress value, Vc being
an activation volume.
The :uid mechanical problem is solved using the uni(ed DMH formulation presented in Section
2. In the oxide domain, a (xed-point iteration is used to handle the nonlinear viscous term in the
Stokes problem.
3.3. Coupled problem
The numerical simulation of the thermal oxidation process is performed by a sequence of succes-
sive steps. The computer code implements the following algorithm:
Given the solution, the geometry and the diAusion and reaction coe;cients at tn, the following
steps must be performed at the new time tn+1:
1. solve the diAusion–reaction problem and compute the propagation velocity of the SiO2–Si inter-
face;
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Fig. 3. Evolution of the shape of the oxidized structure for t = 10 s (top left), t = 150 s (top right), t = 300 s (bottom
left), t = 500 s (bottom right).
2. solve the Stokes problem with non-Newtonian viscosity in the SiO2 domain;
3. solve the linear elastic problem in the Si and Si3N4 domains;
4. determine the new geometry of the Si and SiO2 domains;
5. set tn+1 = tn + Qt, update the stress-dependent coe;cients D and ks using the newly computed
stress (eld;
6. if tn+1¡tmax goto step 1., else end simulation.
4. Numerical results
In this section, we present the results concerning with the thermal oxidation simulation of a LOCOS
structure. The computational domain is one-half of the device shown in Fig. 1. It has semi-length
1:5 m, is initially padded with an oxide layer 0:015 m thick and is patterned with a 0:75 m thick
nitride mask. Material properties have been chosen as in [7]. In Fig. 3, the deformed con(guration
is shown at diAerent time levels. The typical “bird’s beak” shape of the (nal con(guration is clearly
recognizable.
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